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ABSTRACT

The natural convection in an infinite horizon-

tal fluid laver with internal heat generation and a
Prandtl number Pr=6 is investigated using the di-
rect numerical simulation method. The results are
in good agreement with experimental data. For mod-
erate Rayleigl numbers countar-gradient heat fluxes
have been found in the core of the flow. The pre-
dicted statistical data of turbulence show that
first order rodels like the eddv conductivity and

-¢ models cannot account for this phenomenon. Some
additional results, especially for terms containing
pressure fluctuations, are discussed for use in the
calibration of second order statistical models
which would be more appropriate to this flow than
first order models,

1. INTRODUCTION

The natural convection in horizontal fluid
lavers with internal heat generation is of interecst
as a model for certain anvironmental, geophvsical,
astrophysical and nuclear engineering heat transfer
problems. For the description of turbulent heat
transfer within suck ltavers direct numerical simu-
lation and statistical turbulence models are used.
In the direct methods the complete, three-dimensiom
al, non-steady conservation equations are applied.
No rmodel assurptions are needed but a very fine
spatial discretization 1s necessary to resoive the
smallest scales of turbulence. This method has bee
applied previously for low and high Rayleigh nurr
hers in two dimensions /1,2,3/ and for_moderate

ayleigh numbers in three dimensions / 4_/. The
statistical methods are based on time averaged egqua
tions. Models must be introduced to represent the
total information about turbulence. The applied
statistical models are "first order models" like
the eddy conductivity concept /5,6,7/ and the k-e-
model / 8_/. From experiments as in / 9_/ heat
transfer data across the boundaries and a few tem~
perature profiles have been obtained, from which
some turbulent_heat fluxprofiles have been esti-
mated in / 10_/. This information is not sufficient
to determine the coefficients for higher order sta-
tistical turbulence models for this type of flow.
This in particular holds with respect to terms
which involve pressure fluctuations.

In this paper turbulence data are investigated
which are obtained from direct numerical simula-
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tions. The three-dimensional and time-dependent
model in the computer code TURBIT-3 / 11_/ is used
to cover a cubic domain between an infinite upper
and lower horizontal wall at equal temperature. The
spatial grids with up to 642 -32 nodes have suffi-
cient spatial resolution to resolve all relevant
scales of turbulence at Rayleigh numbers up to 110
tices_the critical value at a Prandtl number of
six / 4_/. The model contains no tuning parameters.
Hence the predicted turbulence data can be used to
calibrate_statistical turbulence models like those
used in /5,7,8,12/.

2. NIMERICAL STIMULATTION MODEL

The mwdel TURBIT-3 /11,13/ is based on the
complete, three-dimensional, non-stationary conser-
vation equations for mass, momentum and heat. The
validity of the Boussinesq approximation is as-
sured. Cartesian coordinates are used with xy and
x> horizontal and x, directed upwards.

A finite difference scheme of these equations
is deduced by integrating formally over a mesh cell
volume V = 1x; I%, &x3. Application of the Gaussian
theorem to the vylume average of partial deriva-,
tives directly gives a finite difference form ai‘Gi
for surface average values T, where u; is a veloc-
ity component and 1 indicates the direction normal
the mest cell surface [/ 14_/. Averaging of the
convective terms gives unknown terms which repre-
ent the momentum and heat fluxes of those vortices
not resolved by the grid. These subgrid scale terus
are neglected here. A staggered grid is used with
the velocities defined on mesh cell surfaces, and
with the volume averages of pressure,vg, and tem-
perature, VT, defined in the mesh cell centers. An
explicit Fuler-leap frog scheme is applied for tiwe
integration.

In both horizontal directions periodicity is
assumed with periodicity lengths Xy = Xp = 2.8° D,
D = channel height. In the vertical direction the
velocities are set to zero at the walls, and the
wall shear stresses and wall heat fluxes are ap-
proximated by linear finite difference approxima-
tions. The prescribed wall temperatures T,; are
held equal and constant in space and time.

The node numbers Nj of the grids chosen for
our simulations are specified in table 1. For a
Prandtl number of six we consider one case with a
subcritical Rayleigh number of Ra = gyQD?/(val) =
3 -104, where b = volumetric heat source, one from
the laminar to turbulent transition range, and one
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for turbulent flow. The grids of all three cases
satisfy the spatial resolution requirements speci-
fied in / 4_/ to justify the neglection of the sub-
grid scale terms and to choose linear wall approxi-
mations.

Table 1: Case specifications and time intervals.’
R D Ny Ny N t Nt -t
a ag 1 2 3 max ggxg N&V
3 104 8.0 16 8 16 12.0 2400 0.61/168 21
3.5-102 10.26 16 16 16 75.6 5760 2.96/168 26
4 -10° 15.72 64 64 32 40.2 4040 38.2/3033 15
To get a universal presentation of the results
the basic equations are normalized with the lengthD,
the time D/uo, the velocity ug = (gyATOD)l/z, and
the temperature AT =<T_.. - T, >. The latter is cal-

culated using the dependence between the Damkohler
and Nusselt numbers at the lower, Nujy, and upper
wall, Nujy: Da = QDZ/(AAT,) = Nuj+Nup. The Dasvalues
given in table 1 have_been preestimated from the
correlations of [/ 15_/,

3. VERIFICATION OF THE NUMERICAL RESULTS

Starting from quasi-random initial conditions
specified in / 4_/ the finite difference equations
are integrated in time until steady state condi-
tions, in a statistical sensz, are established for
a period suitable for evaluation. The respective
problem times tg,y, number of time steps Nt, and
computer times needed are also indicated in table L
To obtain reasonable statistical data from the time
dependent numerical results, averages <y> are formed
for a calculated variable y over horizontal planes
and over Ntay Fuler time steps.

The temperature profiles calculated in such a
manner are compared to experimental data / 9_/ in
figure 1. For the subcritical Ravleigh number the
initially disturbed flow goes to rest and causes a
conduction controlled temperature profile. The su-
percritical cases show increasing temperature gra-
dients near the walls for increasing Ravleigh num-
bers. The larger gradients near the upper walls at
x3 = 1.0 indicate that most thermal energy released
in the channel is transferred upwards. Nevertheless,
the maximum temperature also moves nearer to the
upper wall. Thus, we have to expect counter-gradient
heat fluxes in the inner part of the channel.

The calculated temperature profiles agree with
the experimental data except for the results for
the highest Rayleigh number at 0.3 <x3< 0.8. In
that region an increase in temperature is predicted
by TURBIT-3, but a nearly isothermal core is found
in the experiment. In / &4 / contour line plots of
instantaneous temperature fields from the same sim~
ulation are compared to interference pictures from
/ 16_/. The agreement found there confirms the cal-
culated mean temperature profile. Further, those
figures show that the temperature increase in the
center of the channel is forced by the rapid pene-
tration of narrow cold plumes released from the
upper wall. The plumes decelerate and expand below
the center of the channel. There, finally the
plumes come into thermal equilibrium with the am-
bient fluid.

Further experimental data on flow structures
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Fig. 1: Vertical time mean temperature profilas.

observed in horizontal planes and on the Nusselt

number confirm the numerical results [ 4 /.

/

4. PREDICTED TURBULENCE DATA

Having verified the numerical results w> now
can use these simulation results to calculazs tur-
bulence quantities. Such data have not yet "=2en do-
termined by experiments fnr this type of flow.

4.1. The eddy conductivities

For a stationary turbulent flow in a charnel
with infinite horizontal extensions the Rey-
nolds-time-averaging procecdure reduces the st of
conservation equations to the one-dimensionzl ther-
mal energy equation. Models rust be introduced for
the unknown vertical turbulent heat flux <uiT'>,
where 'denotes the deviation from the local time
mean value. The simplest approach is to assume gra-
dient diffusion proportional to a local eddy con-
ductivity ey= = <uiT'>/(5<T>/3x3). Such a model has
been used in / 5_/. For a channel with an_adiabatic
lower wall a model has been proposed in / 7_/. From
experiments profiles for /ey/ have been evaluated
from measured temperature profiles / 10_/.

The eddy conductivities given in figure have
been determined from the calculated turbulent heat
flux, <J’uj VT'>, given in / &4_/, ard the calculated
local temperature gradient, 83 <VT>. The predicted
€q; are positive near the lower wall, i 1, and
the upper wall, i = 2, but they are, as expected,
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Calculated eddy conductivity profiles.y,j is
the distance to the wall i; 1 is the local
length scale; n = N”l/(Nul + Nus),

negative in the range n <x3<x3(T_,.), that means
between the plane of zero turbulent heat flux andof
raximum temperature. The profiles for both Rayleigh
numhers for the upper wall coincide on a single
line having a slope of about three. This is forced
Ly the normalization used in this paper at which
the length scale D has been replaced by the ther-
mal boundary layer thickness 8, = 1/Nup, with Nup
(ka = 3.5-10%) = 7.28 and Nu, (Ra = 4-10%) = 12.85.
“is length scale is representative for the thick-
aess of the unstable upper layer. The lower part of
the profile follows approximately the same line,
but the coincidence is poorer because the length
scale 1-5, chosen there does not account for the
differences in n. The same restriction holds also
fur the negative part of the profile where we find
an even steeper, but not so marked slope.

4.2, Terms of the energy-length-scale approach

This approach has been applied to the inter-
nally heated convection problem in form of the k-¢
rodel / 8_/. There, the eddy conductivity is re-
placed by cﬁ'kZ/(CPrt), where Pr. is the turbulent
Prandtl number, kZE is the kinetic energy, and ¢ is
its dissipation. E and £ are calculated from addi-
tional model equations. Appropriate data are mis-
sing to calibrate the coefficients for natural con-
vection problems.
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Fig. 3: The kinetic turbulence energy and the clo-
sure terms for the kinetic energy equation;

Ra = 4+ 10°.

In figure 3 numerical
the kinetic energy and for
conservation equation. The energy is very small in
the stable region near the lower wall. Its maximum
is outside the unstable upper wall layer below the
terperature maximum (fig. 1), and also below the
méxigum of the production term which is at x3=0.8
/ 4_/. The reason is found from the two crosscor-
relations cortained in fig. 3, which represent the
unkonwn closure termg in the turbulent diffusion
term, -u3<BG§VE>—63< ;ﬁvp'>. The increase of both
correlations for 0.8<x4<0.9 signifies a strong ne-
gative diffusion which extracts energy. The emergy
is transported to the lower stable half of the
channel where the turbulent diffusion can be de-
duced to be positive.The gradients of both cross-
correlations are comparahble in size except near the
walls where the pressure diffusion term predomi-
nates. Profiles for the total diffusion, _production,
and dissipation terms are discussed in / 4_/.

To circurvent the problem of formulating a
vertical profile for Prt an extended k-g-model can
be used. The alternative given in [/ 17_/ is gy =
Cy E Er/eg, where Cy is an additional unknown coef-
ficient, = <T'2>/2 is the "energy" of tempera-
ture fluctuations, and is the dissipation of Er.

The calculated temperaturerms-values,y<VT'<x=
¥2 Eg, and terms of the conservation equation for
Er are given in figure 4. The temperature fluctua-
tions are considerably greater than zero in the
lower stable layer. The maximum is found in the
unstable layer slightly above the position of the
temperature maximum (fig. 1). The crosscorrelation,
<3u§ V€T>, which is the unknown term in the equa-
tion for Ep, looks like <3U5VE> in fig. 3, or like

results are given for
terms of the respective
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Fig. &4: The temperature rms-value, the closure term

and the terms of production, diffusion, and
dissipation in the equation for Ep; Rey =
upD/v; Ra = &4+ 10

the negative turbulent heat flux except for the
missing pronounced change in sign in the lower wall
layer and the thicker upper boundary layer. The to-
tal diffusion of Eg is also given in figure 4 to-
gether with the production and dissipation terms.
The negative diffusion near the upper and the lower
wall compensates the difference between production
and dissipation in this range. The extracted "ener-
gy" of temperature fluctuations is transfered to
the center of the channel where a small negative
production needs to be compensated. Qualitatively,
the behaviour found for the upper part of the chan-
nel is comparable to that of terms of the kinetic
energy equation in the total vertical extension.
The calculated profile of the coefficient Cy is
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Fig. 5: Coefficieng of the k-e~heat flux model;
Ra = 4 -107,

given in figure 5. Constant values are found near
the lower wall where molecular conduction predomi-
nates. Negative values are predicted in the middle
of the channel, and a strongly space-dependent pro-
file is calculated for the most semsitive upper
wall layer where most heat is transfered by convec-
tion.

4.3. Terms of the second-order-moment approach

The most appropriate way to account for coun~
ter-gradient heat fluxes would be to use models for
the conservation equation of <uiT'>. The model ap-
plied by Daly / 12_/ to Bénard convection in an in-
finite channel is an example for this concept. The
turbulent heat flux is calculated via a turbulent
Prandtl number from an equation for the time-de-
pendent mean value of the turbulent shear stress.

The problematic terms in the equations for
<ujul> are the pressure strain terms shown in figureé6,
The kinetic energy is non-equally distributed be~
tweenthe three velocity components. In the core
most energy is associated with the vertical veloc-
ity fluctuations u} (compare also to figure 3).
Nevertheless, the pressure-strain terms, which are
also called the tendency-toward-isotropy terms,
show only minor energy transfer from the vertical
(i=j=3) to the horizontal velocity fluctuations
(i=j=1,2). This indicates an only weak interaction
between the downflowing plumes and the ambient
fluid. Near the upper wall less energy is associa-
ted with the vertical velocity fluctuations al-
though this component is the only one excited di-
rectly by the buoyancy term. This predominance of
the horizontal velocity fluctuations is caused by
the pressure-strain terms which transfer most ener-
gy in the wall region from the vertical to the
horizontal velocity components.

The pressure terms contained in the equation
for the turbulent heat flux <uiT'> are given in
figure 7. It can be deduced that the pressure dif-
fusion term -64<Vp'VT'> strongly reduces the tur-
bulent heat flux for x4> 0.9, and increases it
near x3x= 0.8 where we find the maximum of the tur-
bulent heat flux. The pressure-scrambling term
<Vp'83VT'> is negative all over the channel. It
mainly reduces the correlations between u} and T'
near the upper wall too.
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Fig. 6: The transfer of kinetic energy by the pres-
sure-strain terms; Ra 4 106

5. CONCLUSTIONS

For moderate Rayleigh numbers of Ra < 4 -106
counter-gradient heat fluxes have been found in a
substantial part of the turbulent core of the flow.
In this region the eddy conductivities predicted
by the direct numerical sirmulation model are cor-
respondingly negative. Thus, the eddy conductivity
concept is no proper tool to model the turbulent
heat flux in the parameter range under considera-
t° 1. Scales have been found for the eddv conduc-
t .ties which allow to correlate at least the pro-
files near the upper wall and, with somewhat less
accuracy, also near the lower wall. Two versions
of the k-e model have been considered. Both suffer
from the same problem as the eddy conductivity con-
cept because gradient diffusion is assumed too. For
larger Rayleigh numbers this problem will persist
because the turbulent core becomes virtually iso-
thermal in a larger domain. To circumvent this
problem one should use second order models based on
turbulent shear stress and heat flux equations. For
this approach several correlations containing tur-
bulent pressure fluctuations have been predicted.
It seems that these important terms have not been
determined experimentally. Thus, the present numer-
ical predictions give the required basis for the
development of statistical turbulence models for
this type of flow.
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the pressure-scrarbling term; Ra = 4 . 106,
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